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FINITE AND BOUNDED AUSLANDER-REITEN
COMPONENTS IN THE DERIVED CATEGORY
SARAH SCHEROTZKE
Abstract. We analyze Auslander-Reiten components for the bounded
derived category of a finite-dimensional algebra. We classify derived
categories whose Auslander-Reiten quiver has either a finite stable com-
ponent or a stable component with finite Dynkin tree class or a bounded
stable component. Their Auslander-Reiten quivers are determined. We
also determine components that contain shift periodic complexes.
1. Introduction
In this paper we analyze the Auslander-Reiten triangles in the bounded
derived category of a finite-dimensional indecomposable algebra A, denoted
by Db(A). The bounded derived category of a finite-dimensional algebra is
a triangulated category and Auslander-Reiten triangles are triangles with
analogous properties to Auslander-Reiten sequences for finite-dimensional
algebras. The conditions for the existence of such triangles in Db(A) have
been determined by Happel in [H2].
Analogously to the classical Auslander-Reiten theory, which applies to
Artin algebras, we can define Auslander-Reiten components of the bounded
derived category. These are locally finite graphs, where the vertices corre-
spond to indecomposable complexes in Db(A). We want to know how and
if certain results on finite and dimension-bounded Auslander-Reiten compo-
nents of finite-dimensional algebras extend to the bounded derived category.
In the second section we give a brief introduction to derived categories
and we introduce Auslander-Reiten triangles as defined by Happel in [H1].
In the third section we deduce some properties of Auslander-Reiten triangles
that will be used in the other sections.
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In the fourth section we classify the bounded derived categories that
have either a stable finite Auslander-Reiten component, a stable Auslander-
Reiten component with finite Dynkin tree class or a stable bounded Auslander-
Reiten component. In all these cases the Auslander-Reiten quiver is de-
scribed completely. Also components with shift periodic modules are deter-
mined.
In the classical Auslander-Reiten theory finite components occur if and
only if the algebra has finite representation type. We show that finite stable
Auslander-Reiten components occur for Db(A) if and only if A is simple. In
this case each component of the Auslander-Reiten quiver is isomorphic to
A1.
In the classical Auslander-Reiten theory we call an Auslander-Reiten com-
ponent bounded if the dimension of the modules appearing in this com-
ponent is bounded. Motivated by this definition, we introduce bounded
Auslander-Reiten components for the bounded derived category and show
that the following are equivalent
1) The bounded derived category of A has finite representation type, i.e.
has only finitely many isomorphism classes of indecomposable objects up to
shift;
2) There is a stable component with finite Dynkin tree class;
3) There is a bounded stable component.
In this case, the Auslander-Reiten quiver consists either only of one com-
ponent Z[T ] with T 6= A1 a finite Dynkin diagram, or of infinitely many
components A1.
In the first case A is derived equivalent to kT , which is a hereditary algebra
of finite representation type. In the second case A is simple. Finally we
introduce shift periodic complexes in analogy to periodic modules. Possible
tree classes for derived categories with shift periodic complexes are deduced.
We show that their Auslander-Reiten quiver is either Z[T ] with T a finite
Dynkin diagram or the component containing the shift periodic complex has
tree class A∞.
I would like to thank my supervisor Dr Karin Erdmann for reading this
paper. I am also grateful to Prof. Dieter Happel and Prof. Bernhard Keller
for useful discussions and comments. Special thanks are due to the referee
who read this paper very carefully and made many useful suggestions.
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2. Preliminaries and Notation
Let A denote a finite-dimensional indecomposable algebra over a field k
and A-mod the category of finite-dimensional left A-modules. We denote
by P the full subcategory in A-mod of projective modules and I the full
subcategory of injective A-modules. Let C ∈ {A-mod, P, I}.
Then Comp∗,?(C) are the complexes that are bounded above if ∗ = −,
bounded below if ∗ = + and bounded if ∗ = b. The homology is bounded if
? = b. We denote by Db(A) the bounded derived category and by K∗,?(C)
the homotopy category.
Contractible complexes and homotopic to zero maps are related as stated
in the following well-known result.
Lemma 2.1. Let f : X → Y be a map of complexes.
(1) The map f is homotopic to zero if and only if f factors through a
contractible complex.
(2) The projection p : cone(f) → X[1] is a retraction if and only if f is
homotopic to zero.
The homotopy category and the derived categories are triangulated cate-
gories by [Wei, 10.2.4, 10.4.3] where the shift functor [1] is the automorphism.
The distinguished triangles are given up to isomorphism of triangles by
X
f
// Y
0⊕idY // cone(f)
idX[1]⊕0
// X[1]
for any morphism f .
It is difficult to calculate the morphisms in the derived category of A-
modules. The following theorem provides an easier way to represent them.
Theorem 2.2. [Wei, 10.4.8] We have the following equivalences of triangu-
lated categories
K−,b(P) ∼= K+,b(I) ∼= Db(A).
We identify an A-module X with the complex that has entry X in degree
0 and entry 0 in all other degrees. By abuse of notation we call this complex
X. A complex with non-zero entry in only one degree is also called a stalk
complex. Note that A-mod is equivalent to a full subcategory of Db(A)
using this embedding.
Let N be a left A-module and · · ·
d2
P→ P1
d1
P→ P0 → N its minimal projective
resolution. Let N → I0
d0
I→ I1
d1
I→ · · · be its minimal injective resolution.
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Then we denote throughout this paper by pN the complex with (pN)i := P−i
and di := d−iP for i ≤ 0 and (pN)
i := 0 for i > 0. Similarly we define iN to
be the complex with (iN)n := In and d
n := dnI for n ≥ 0 and (iN)
n := 0 for
n < 0.
Remark 2.3. Note that all indecomposable contractible complexes in Comp−,b(P)
have up to shift the form
· · · → 0→ P
id
→ P → 0→ · · ·
for an indecomposable projective module P of A. We denote such a complex
where P occurs in degree 0 and 1 by P¯ .
Contractible complexes are projective in Comp−,b(P) as the following
lemma shows.
Lemma 2.4. A contractible complex in Comp−,b(P) is projective.
Proof. Let P be an indecomposable projective module and P¯ the associated
indecomposable contractible complex. By the previous remark, all con-
tractible complexes are direct sums of shifts of such indecomposable com-
plexes. Let f : C → D be a surjective map of complexes in Comp−,b(P).
This means that f i is surjective for all i ∈ Z. Suppose there is a map
g : P¯ → D of complexes. Then we construct a map h : P¯ → C as follows.
Since P is projective, there is a map q : P → C0 such that f0q = g0. We
then set h1 := d0Cq and h
0 := q and hi := 0 for all other degrees. We
visualize this in the diagram
· · · // 0 //
##F
FF
FF
FF
FF

P
id
//
q !!C
CC
CC
CC
C
g0

P //
d0
C
q !!C
CC
CC
CC
C
g1

0

// · · ·
· · · // C−1 //
f−1
||xx
xx
xx
xx
C0 //
f0
}}||
||
||
||
C1
f1
}}||
||
||
||
// · · ·
· · · // D−1 // D0 // D1 // D2 // · · ·
Then h is a map of complexes. Furthermore f1h1 = f1d0Cq = d
0
Df
0q =
d0Dg
0 = g1. This gives the proof. 
Finally we define for a complex X, the complex σ≤n(X) to be the complex
with σ≤n(X)i := Xi for i ≤ n and di
σ≤n(X)
:= diX for i < n and σ
≤n(X)i := 0
for i > n. We define σ≥n(X) analogously.
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Next we introduce Auslander-Reiten theory for triangulated categories.
We state the existence conditions for Auslander-Reiten triangles in the
bounded derived category of a finite-dimensional algebra and prove some
properties that will be needed in the other sections.
For an introduction to triangulated categories we refer to [H1, I.1.1]. Let
T be a triangulated category with translation functor T .
Definition 2.5. [H1, I.4.1] [Auslander-Reiten triangles] A distinguished tri-
angle X
u
→ Y
v
→ Z
w
→ TX is called an Auslander-Reiten triangle if the
following conditions are satisfied:
(1) The objects X, Z are indecomposable
(2) The map w is non-zero
(3) If f : W → Z is not a retraction, then there exists f ′ : W → Y such
that vf ′ = f .
We introduce the following conditions. (3’) If f : X →W is not a section,
then there exists f ′ : Y →W such that f ′u = f .
(3”) If f :W → Z is not a retraction, then wf = 0.
By [H1, I.4.2] we have that the condition (1)+ (2)+(3) is equivalent to
the condition (1)+ (2)+ (3’) and also to the condition (1)+ (2)+ (3”).
The condition (2) is equivalent to
(2’) The map u is not a section.
(2”) The map v is not a retraction.
We refer to w as the connecting homomorphism of an Auslander-Reiten
triangle. We say that the Auslander-Reiten triangle X → Y → Z → TX
starts in X, has middle term Y and ends in Z. Note also that an Auslander-
Reiten triangle is uniquely determined up to isomorphisms of triangles by
the isomorphism class of the element it ends or starts with. The Auslander-
Reiten translation τ is defined as the functor on the set of all isomorphism
classes of indecomposable objects that appear at the end of an Auslander-
Reiten triangle to the set of indecomposable objects that appear at the start
of an Auslander-Reiten sequence. Then τ sends the isomorphism class of Z
to the isomorphism class of X.
The Auslander-Reiten translation of A-mod will be denoted by τA in this
paper to avoid confusion.
Analogously to the classical Auslander-Reiten theory we can define irre-
ducible maps, minimal maps, left almost split maps and right almost split
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maps as in [ASS, IV.1.1, IV.1.4]. Irreducible maps here have the same prop-
erties as in the case of Artin algebras. (see [ASS, IV.1.8, IV.1.10])
Lemma 2.6. Let N,M ∈ T and let f : N → M be an irreducible map in
Db(A).
(1) Let N
g
→ Q→ E → TN be the Auslander-Reiten triangle, then there
is a retraction s : Q→M such that f = sg.
(2) Let L → B
h
→ M → TL be an Auslander-Reiten triangle, then there
is a section r : N → B such that f = hr.
Let from now on k be an algebraically closed field. If T is a Krull-Schmidt
category we define the Auslander-Reiten quiver to be the labelled graph
Γ(T ) with vertices the isomorphism classes of indecomposable objects. For
two indecomposable objects X,Y there are dX,Y arrows from X to Y where
dX,Y :=dimkIrr(X,Y ). (see [H1, I.4.7] and [K, 2.7])
We call a connected component of Γ(T ) an Auslander-Reiten component.
From now on let T = Db(A). By [K, 2.6] we have that Db(A) is a Krull-
Schmidt category. Therefore Auslander-Reiten components of Db(A) are
well-defined. Using [K, 2.6] combined with [Kr, B.2] shows that Comp−,b(P)
and Comp+,b(I) are also Krull-Schmidt categories. They are full subcate-
gories of the abelian category Comp(A) which are closed under direct sum-
mands and extensions. We can therefore refer to [A] for their Auslander-
Reiten sequences.
Lemma 2.7. [H1, I.4.3, I.4.5] Let X
u
→ M
v
→ Z → TX be an Auslander-
Reiten triangle and M ∼= M1 ⊕M2, where M1 is indecomposable. Let i :
M1 →M be an inclusion and p :M →M1 a projection. Then vi :M1 → Z
and pu : X →M are irreducible maps. Furthermore u is minimal left almost
split and v is minimal right almost split.
Let νA denote the Nakayama functor of A and let
ν−1A := HomA(Homk(−, k), A).
We denote by ν the left derived functor of νA on D
b(A) and by ν−1 the
right derived functor of ν−1A . Then ν maps a complex X ∈ Comp
b(P) to
ν(X) ∈ Compb(I), where ν(X)i := νA(X
i) and di
ν(X) := νA(d
i
X) for all
i ∈ Z.
The conditions for the existence of Auslander-Reiten triangles in a trian-
gulated category have been determined in [VR, I.2.4]. It is shown that a
triangulated category admits Auslander-Reiten triangles, that is for every
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indecomposable element X there is an Auslander-Reiten triangle that ends
in X and one that starts in X, if and only if the category has a Serre functor.
A specialization of this result is given in the next theorem for the case of
Db(A).
Theorem 2.8. [H2, 1.4] (1) Let Z ∈ K−,b(P) be indecomposable. Then
there exists an Auslander-Reiten triangle ending in Z if and only if Z ∈
Kb(P). The triangle is of the form ν(Z)[−1] → Y → Z → ν(Z) for some
Y ∈ K−,b(P).
(2) Let X ∈ K+,b(I) be indecomposable, then there exists an Auslander-
Reiten triangle starting in X if and only if X ∈ Kb(I). The triangle is of
the form X → Y → ν−1(X)[1]→ X[1] for some Y ∈ K−,b(P).
From this result we deduce that the translation τ is given by ν[−1] and
τ is natural equivalence from Kb(P) to Kb(I). So every Auslander-Reiten
triangle is isomorphic to
ν(X)[−1]→ cone(w)[−1]→ X
w
→ ν(X)
for X ∈ Kb(P) and some map w : X → ν(X).
Not all irreducible maps appear in Auslander-Reiten triangles.
Lemma 2.9. Let f : B → C be an irreducible map in Db(A) that does not
appear in an Auslander-Reiten triangle. Then B,C 6∈ Kb(P) and B,C 6∈
Kb(I).
Proof. By 2.8 and 2.6 it is clear that B 6∈ Kb(I) and C 6∈ Kb(P). Let
us assume that B ∈ Kb(P) and let n ∈ N be minimal such that Bn 6= 0.
Then f factorizes through σ≥n−1(C), where C is represented as a complex
in Comp−,b(P). Let f = hg be this factorization, then g is not a section,
as f is not a section and h is not a retraction as σ≥n−1(C) 6∼= C. This
is a contradiction to the fact that f is irreducible. Therefore B 6∈ Kb(P).
Analogously, we can show that C 6∈ Kb(I). 
More results on these irreducible maps can be found in [HKR].
3. Auslander-Reiten triangles
In this section we deduce some properties of Auslander-Reiten triangles
and introduce stable components. The following lemma determines the re-
lation between irreducible maps, retractions and sections in K−,b(P) and
Comp−,b(P). Note that by duality the same is true if we replace K−,b(P)
by K+,b(I) and Comp−,b(P) by Comp+,b(I).
8 SARAH SCHEROTZKE
Lemma 3.1. Let B,C ∈ Comp−,b(P) be complexes that are not contractible.
Let f : B → C be a map of complexes.
(1) Let C,B be indecomposable. The map f is irreducible in Comp−,b(P)
if and only if f is irreducible in K−,b(P).
(2) Let C be indecomposable. The map f is a retraction in Comp−,b(P)
if and only if f is a retraction in K−,b(P).
(3) Let B be indecomposable. The map f is a section in Comp−,b(P) if
and only if f is a section in K−,b(P).
Proof. We first give a proof of (2). Let f : B → C be a retraction in
Comp−,b(P). Then f is clearly a retraction inK−,b(P). Let f be a retraction
in K−,b(P), then there is a map g : C → B such that fg is homotopic to idC .
Therefore fg− idC factors through a contractible complex P via s : C → P
and t : P → C. Then (t, f)
(
−s
g
)
= idC . As C does not have a contractible
summand, we have that fg is an isomorphism. The proof of (3) is analogous.
We prove (1). Let f : B → C be an irreducible map in K−,b(P), then
by (2) and (3) f is also an irreducible map in Comp−,b(P). Suppose now
that f is irreducible in Comp−,b(P) and let gh be homotopic to f for some
g : D → C and h : B → D. Then gh − f factors through a contractible
complex P via s : B → P and t : P → C. So f = (g,−t)
(
h
s
)
factors through
D ⊕ P in Comp−,b(P). Therefore
(
h
s
)
is a section in Comp−,b(P) or (g,−t)
is a retraction in Comp−,b(P). This means that h is a section in K−,b(P)
or g is a retraction in K−,b(P). Therefore f is irreducible in K−,b(P). 
We can therefore choose for an irreducible map in K−,b(P) an irreducible
map in Comp−,b(P) that represents this map. For the rest of this paper all
irreducible maps in K−,b(P) or K+,b(I) will be represented by irreducible
maps in Comp−,b(P) or Comp+,b(I) respectively.
Lemma 3.2. Let
w := 0→ E → C
σ
→ P → 0
be an Auslander-Reiten sequence in Comp−,b(P). Then P ∈ Compb(P).
We identify ν(P ) with an indecomposable complex in Comp−,b(P). Then w
is isomorphic to
0→ ν(P )[−1]→ cone(w)[−1]→ P → 0.
Proof. We consider w ∈ HomDb(A)(P,E[1]) and the distinguished triangle
E → C → P
w
→ E[1] corresponding to the Auslander-Reiten sequence w.
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As this sequence does not split, the map w is not homotopic to zero by
2.1. Let M ∈ Comp−,b(P) and let f : M → P be a map in Comp−,b(P)
representing a map in K−,b(P) that is not a retraction. Then f is not a
retraction in Comp−,b(P) by 3.1 and factors through σ in Comp−,b(P). By
2.5
E → C → P
w
→ E[1]
is an Auslander-Reiten triangle. It follows from 2.8 that P ∈ Kb(P). As P
is indecomposable, we have P ∈ Compb(P) and E ∼= ν(P )[−1]. 
The next theorem determines the relation between Auslander-Reiten tri-
angles in Db(A) and Auslander-Reiten sequences in Comp−,b(P). The anal-
ogous statement for self-injective algebras was given by [W, 2.3, 2.2].
Theorem 3.3. Let P ∈ Compb(P) be an indecomposable complex that
is not contractible. We identify ν(P ) with an indecomposable complex in
Comp−,b(P). Let w : P → ν(P ) be a map in Comp−,b(P). Then
0→ ν(P )[−1]→ cone(w)[−1]→ P → 0
is an Auslander-Reiten sequence in Comp−,b(P) if and only if w induces an
Auslander-Reiten triangle in Db(A).
Proof. Let w : P → ν(P ) induce an Auslander-Reiten triangle in Db(A).
We have an exact sequence
0→ ν(P )[−1]→ cone(w)[−1]
σ
→ P → 0.
Furthermore ν(P )[−1] and P are indecomposable. Let M be a complex
in Comp−,b(P) and let f : M → P be a non-split map in Comp−,b(P).
Then by 3.1, f is not a retraction in K−,b(P). Therefore there is a map
f1 :M → cone(w)[−1] such that σf1 = f in K
−,b(P). Then f − σf1 factors
through a contractible complex P2. Let f − σf1 = gh where h : M → P2
and g : P2 → P . As P2 is projective in Comp
−,b(P) by 2.4 there is a
map s : P2 → cone(w)[−1] such that g = σs. We set f
′ = f1 + sh, then
σf ′ = σf1 + σsh = f . Therefore σ is right almost split and the exact
sequence is therefore an Auslander-Reiten sequence. Assume now that the
exact sequence
0→ ν(P )[−1]→ cone(w)[−1]
σ
→ P → 0
is an Auslander-Reiten sequence. Then the statement follows from the proof
of 3.2. 
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Note that if P ∈ Compb(P) is contractible, then there is no Auslander-
Reiten sequence in Comp−,b(P) that ends in P , as contractible complexes
are projective objects in Comp−,b(P) by 2.4.
We call an Auslander-Reiten component Λ stable, if all vertices appear
at the start and at the end of an Auslander-Reiten triangle. By 2.8 this is
equivalent to the fact that all vertices in the component are in Kb(I) and
Kb(P).
The Auslander-Reiten quiver of Db(A) does not contain loops by [XZ,
2.2.1]. So we can apply Riedtmann’s Structure Theorem [Ri, p.206].
Corollary 3.4. Let Λ be a stable Auslander-Reiten component of Db(A).
Then Λ ∼= Z[T ]/I where T is a tree and I is an admissible subgroup of
aut(Z[T ]).
It is easy to see for which algebras stable components appear.
Corollary 3.5. All complexes that appear in Auslander-Reiten triangles are
contained in stable components if and only if A is Gorenstein.
If A has finite global dimension, then the Auslander-Reiten quiver is a
stable translation quiver. If A is self-injective and not semi-simple, then the
stable Auslander-Reiten components are isomorphic to Z[A∞] by [W, 3.7].
The non-stable components have been determined in [HKR, 5.7].
4. Finite and bounded Auslander-Reiten components
In this section, we determine the tree class of bounded and finite stable
Auslander-Reiten components. We show that finite stable components can
only appear if A is simple. Bounded stable components appear if and only
if the representation type of Db(A) is finite. This is also equivalent to the
fact that the Auslander-Reiten quiver has a component with tree class finite
Dynkin. We describe the Auslander-Reiten quiver concretely in these cases.
We start with the following easy lemma.
Lemma 4.1. The following are equivalent:
(1) There is a stable Auslander-Reiten component of Db(A) isomorphic
to A1;
(2) The bounded derived category of A has an Auslander-Reiten triangle
with middle term zero;
(3) The algebra A is simple;
(4) The Auslander-Reiten quiver of Db(A) is the union of infinitely many
components A1.
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Proof. Obviously, part (2) follows from (1). If ν(X)[−1]→ 0→ X
w
→ ν(X)
is an Auslander-Reiten triangle, then w is an isomorphism. Also for all inde-
composable objects M ∈ Db(A) with M 6= X we have HomDb(A)(M,X) = 0
and radEnd(X) = 0 by 2.5 (3). Let X be represented by an indecomposable
complex in Comp−,b(P). Without loss of generality we assume that X0 6= 0
and Xi = 0 for all i > 0. As X does not have contractible summands, the
map d−1X is not surjective. Suppose X
−1 6= 0. Then there is a map h from
the stalk complex of X0 to X in K−,b(P) given by h0 = idX0 . This map is
non-zero in K−,b(P) as the map d−1X is not surjective. This gives a contra-
diction. Assume now that X0 is not simple. Then there is a non-zero map
from the stalk complex of the projective cover of socX0 to X in K−,b(P)
that is not an isomorphism. This gives also a contradiction. Therefore X0 is
simple and projective. Furthermore νA(X
0) ∼= X0 as w is an isomorphism.
Therefore X0 is injective. By [B, 1.8.5] we have that A is simple and X0 is
the only simple module in A up to isomorphism. Therefore (3) follows from
(2). Clearly (3) implies (4) and (4) implies (1). 
This lemma shows that if A is not simple then the stable Auslander-
Reiten components are the components on which τ is an automorphism. In
Comp−,b(P) we have an analogous result.
Lemma 4.2. The following are equivalent:
(1) The category Comp−,b(P) has an Auslander-Reiten sequence with con-
tractible middle term;
(2) The algebra A is simple;
(3) The Auslander-Reiten quiver of Comp−,b(P) is isomorphic to A∞∞.
Proof. (2) ⇒ (3), (1) Let A be simple and let S be the simple A-module.
Then S is projective and injective. Then by 4.1 the connecting homomor-
phism w can be taken to be the identity. Let S¯ be the associated contractible
complex. The Auslander-Reiten sequence ending in S is then of the form
0→ S[−1]→ S¯ → S → 0, where the map S¯ → S is given by
· · · // 0

// S
id
//
id

S //

0 //

· · ·
· · · // 0 // S // 0 // 0 // · · ·
and the map from S[−1]→ S¯ by
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· · · // 0

// 0 //

S //
id

0 //

· · ·
· · · // 0 // S
id
// S // 0 // · · ·
The Auslander-Reiten quiver of Comp−,b(P) is given by
· · ·S[−2]→ S¯[−1]→ S[−1]→ S¯ → S → S¯[1]→ · · ·
and is isomorphic to A∞∞. Clearly (3) implies (1).
(1) ⇒ (2) Suppose that Comp−,b(P) has an Auslander-Reiten sequence
with contractible middle term. Then by 3.2 and 3.3 there is an Auslander-
Reiten triangle inK−,b(P) with trivial middle term. By the previous lemma,
A has to be simple. 
Lemma 4.3. Let τ(C)
f
→ B
g
→ C
w
→ τ(C)[1] be a distinguished triangle in
Db(A) and M an indecomposable element in Db(A). Then
Hom(M, τ(C))
f∗
→ Hom(M,B)
g∗
→ Hom(M,C)
and
Hom(C,M)
g¯
→ Hom(B,M)
f¯
→ Hom(τ(C),M)
are exact. If the triangle is an Auslander-Reiten triangle then the following
holds.
(1) The map f∗ is injective if and only if M [1] 6∼= C;
(2) The map g¯ is injective if and only if M [−1] 6∼= τ(C);
(3) The map g∗ is surjective if and only if M 6∼= C;
(4) The map f¯ is surjective if and only if M 6∼= τ(C).
Proof. By [H1, I.1.2(b)] the sequence Hom(M, τ(C))
f∗
→ Hom(M,B)
g∗
→
Hom(M,C) is exact. We assume from this point on that the considered
triangle is an Auslander-Reiten triangle. Suppose there is an h :M → τ(C)
such that fh = 0. Then by the axiom (TR3) of [H1, I.1.1] there is a map
j : M [1] → C such that the following diagram of distinguished triangles
commutes:
M //
h

0 //

M [1]
id
//
j

M [1]
h[1]

τ(C)
f
// B
g
// C
w
// τ(C)[1].
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If M [1] 6∼= C then wj = 0 by 2.5 (3”). This forces h[1] = 0 and therefore
h = 0. So in this case f∗ is injective. If M [1] ∼= C, then f∗ is not injective
as w[−1] : M → τ(C) is mapped to zero. This proves (1). If M ∼= C then
2.5 (2”) implies that g∗ is not surjective. Surjectivity for M 6∼= C uses 2.5
(3). This proves (3).
The remaining cases are proven similarly. 
The following version of Lemma [B, 4.13.4] holds for our setup.
Lemma 4.4. Let C and B be indecomposable complexes such that there is
a non-zero map from C to B in Db(A) that is not an isomorphism. Suppose
there is no chain of irreducible maps in Db(A) from C to B of length less
than n.
(1) Assume B lies in a component Λ of the Auslander-Reiten quiver of
Db(A) such that all elements of Λ are in Kb(P). Then there exists a chain
of irreducible maps in Λ
P 0
g1
→ P 1
g2
→ · · · → Pn−1
gn
→ B
and a map h : C → P 0 with gn · · · g1h 6= 0 in K−,b(P).
(2) Assume C lies in a component Λ of the Auslander-Reiten quiver of
Db(A) such that all elements of Λ are in Kb(I). Then there exists a chain
of irreducible maps in Λ
C
g1
→ P 1
g2
→ · · · → Pn−1
gn
→ Pn
and a map h : Pn → B with hgn · · · g1 6= 0 in K+,b(I).
Proof. We give a proof of (1) as the proof of (2) is analogous. The proof
follows by induction on n. Assume first n = 1. Then there is no irreducible
map from C to B. Let ν(B)[−1]
f
→ E
l
→ B → ν(B) be the Auslander-Reiten
triangle ending in B. By the assumption, there is a non zero map t : C → B,
that is not an isomorphism. Therefore we have some σ : C → E such that
t = lσ. Let E :=
⊕m
i=1Ei with Ei indecomposable for all 1 ≤ i ≤ m. Then
t =
∑m
i=1 liσi for some maps li : Ei → B and σi : C → Ei. Clearly there
exists an 1 ≤ s ≤ m such that lsσs 6= 0 in K
b(P) as t 6= 0 in Kb(P). By
2.7 g1 := ls is irreducible and Es lies in Λ. Furthermore by the induction
assumption σs is not an isomorphism as there is no irreducible map from C
to B. We can therefore use the same argument in the induction step on the
map σs. 
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We define certain length functions of complexes. Similar length functions
have been defined for example in [W]. We will use the following notation.
Definition 4.5. We denote by lc the function that maps an element B ∈
Compb(A) to the length of a composition series of
⊕
i∈ZB
i. For Y ∈
Compb(P) we denote by l(Y ) the number of projective indecomposable sum-
mands in
⊕
i∈Z Y
i. For X ∈ Kb(P) we denote by
lp(X) := min{l(Y )|Y ∈ Comp
b(P) and Y ∼= X in Kb(P)}.
We define analogously li for elements of K
b(I) counting the number of in-
decomposable injective modules.
We call a stable Auslander-Reiten component Λ bounded if lp and li take
bounded values on Λ.
A complex Y ∈ Compb(P) with lp(X) = l(Y ) and Y ∼= X in K
b(P) is
called homotopically minimal in [Kr, B2]. Krause also shows that such a
homotopically minimal element to a complex is uniquely determined up to
isomorphism of complexes.
Note that lp, lc and li are defined for complexes of a stable Auslander-
Reiten component of Db(A). Also a bounded Auslander-Reiten component
is always stable, as all elements in the component are both in Kb(P) and
Kb(I).
Remark 4.6. Let Λ be a stable component. Then by 3.3 every Auslander-
Reiten triangle in Λ is isomorphic to
τ(P )→ cone(w)[−1]→ P
w
→ τ(P )[1]
where
0→ τ(P )→ cone(w)[−1]→ P → 0
is a short exact sequence in Compb(P) and w : P → τ(P )[1] is a repre-
sentative in Compb(P) of the connecting morphism. Then cone(w)[−1] ∈
Compb(P). Therefore lp satisfies lp(cone(w)[−1]) ≤ lp(τ(P )) + lp(P ) with
equality if and only cone(w)[−1] does not have a contractible summand in
Compb(P).
With exactly the same proof as in [B, 4.14.1] we have
Lemma 4.7. Let P0, . . . , P2n−1 ∈ Comp
b(A) be indecomposable and assume
that lc(Pi) ≤ n for all i. If the maps fi : Pi−1 → Pi are not isomorphisms
for 1 ≤ i ≤ 2n − 1, then f2n−1 · · · f2f1 = 0.
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Suppose f : C → B is a map in Comp−,b(P) that represents an irreducible
map in K−,b(P), where C and B are indecomposable complexes. Then by
3.1 f is irreducible in Comp−,b(P) and therefore f is not an isomorphism.
We therefore have the following result.
Corollary 4.8. Let P0, . . . , P2n−1 ∈ Comp
b(P) be indecomposable such that
lc(Pi) ≤ n for all i. If the fi : Pi−1 → Pi are irreducible maps in K
−,b(P)
for 1 ≤ i ≤ 2n − 1, then f2n−1 · · · f2f1 = 0.
We can now determine some properties of bounded components.
Theorem 4.9 (bounded components). Let Λ be a stable bounded Auslander-
Reiten component of Db(A). We assume that A is not simple. Then Λ is
the only component of the Auslander-Reiten quiver of Db(A). Furthermore
A has finite global dimension and is of finite representation type.
Proof. By assumption, there is an n ∈ N such that lp(M) ≤ n and li(M) ≤ n
for all complexes M ∈ Λ. Let R,S ∈ K−,b(P) be indecomposable complexes
such that there are non zero maps g : R→ N and f :M → S in K−,b(P) for
some N, M ∈ Λ. Let u := n dimA. Suppose there is no chain of irreducible
maps from R to N . Then by 4.4 part (1) there exists a chain of irreducible
maps of length 2u in Λ that is not zero. This is a contradiction to 4.8 as lc
takes values at most u on Λ. Therefore there is a chain of irreducible maps
from R to N . So R ∈ Λ. Analogously S lies in the component Λ. For any
complex M the connecting homomorphism w is a non zero map from M to
τ(M)[1]. We also have that τ(M) ∈ Λ as the middle term of an Auslander-
Reiten triangle is not trivial by 4.1. Therefore τ(M), τ(M)[1] ∈ Λ. Thus
the [1] shift acts on the component.
Let A =
⊕n
i=1 Pi be a decomposition of A into indecomposable projec-
tive summands Pi. Let C be an element of Λ. As [1] acts on Λ we can
assume without loss of generality that there exists a non zero map f in
Db(A) from Pi to C for some 1 ≤ i ≤ n. Therefore Pi ∈ Λ and as A is
indecomposable we have Pj ∈ Λ for all 1 ≤ j ≤ n. For all indecomposable
elements X in K−,b(P) there is an sx ∈ Z such that there is a non-zero
map Pi → X[sx]. Therefore X[sx] ∈ Λ using the first part of the proof.
As the [1] shift acts on the component, every indecomposable complex of
Db(A) belongs to Λ. Therefore Λ is the Auslander-Reiten quiver. The stalk
complex of an indecomposable A-module U is in Λ. A stalk complex in
Db(A) can be identified with a complex in Kb(P) if and only if the stalk has
a finite projective resolution. Therefore A has finite global dimension as all
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indecomposable complexes in K−,b(P) are in Kb(P). As the dimension of
the indecomposable A-modules are bounded, we know by [ARS, 1.5] that A
has finite representation type. 
We can now determine finite components.
Theorem 4.10 (finite components). Let Λ be a finite Auslander-Reiten
component of Db(A) such that all elements in Λ belong to Kb(P). Then A
is simple and Λ is isomorphic to A1.
Proof. Suppose that A is not simple. As Λ is a finite component and all
vertices of Λ are in Kb(P), the translation τ is an automorphism on Λ.
Therefore the component Λ is stable and bounded. By 4.9 the shift [1] acts
on Λ which is a contradiction, as Λ contains only finitely many vertices.
Therefore A is simple and Λ is isomorphic to A1 by 4.1. 
If A has finite global dimension then Db(A) ∼= Kb(P), and 4.10 gives the
next corollary.
Corollary 4.11. Let A be a finite-dimensional indecomposable algebra of
finite global dimension. Suppose that the Auslander-Reiten quiver of Db(A)
has a finite component Λ, then A is simple.
In the case of Comp−,b(P) there are no finite components.
Corollary 4.12. There is no finite Auslander-Reiten component Λ of the
Auslander-Reiten quiver of Comp−,b(P), such that all elements in Λ are in
Compb(P).
Proof. Suppose Λ is a finite component such that all elements in Λ are
in Compb(P). By 3.3 we have that the corresponding Auslander-Reiten
component in Db(A) is finite. Therefore A is simple by 4.10. But by 4.2 we
have Λ ∼= A∞∞ which is a contradiction to the finiteness of Λ. 
In analogy to the theory of algebras, we say thatDb(A) has finite represen-
tation type if and only if Db(A) has finitely many indecomposable complexes
up to shift. We call an indecomposable complex X in a stable Auslander-
Reiten component shift periodic, if there are m ∈ Z, n ∈ N such that
τn(X) = X[m]. If we have shift periodic modules in a component, we can
construct subadditive functions.
Let Λ and C be two Auslander-Reiten components of Db(A). Then we
denote by HomDb(A)(C,Λ[i]) the union of HomDb(A)(M,N [i]) for all objects
N ∈ Λ and M ∈ C.
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Theorem 4.13. Let C be a stable component of the Auslander-Reiten quiver
of Db(A). Suppose there is a complex X ∈ C that is shift periodic. Let T be
the tree class of C, then T is a finite Dynkin diagram or A∞.
(a) If T is a finite Dynkin diagram, then the Auslander-Reiten quiver is
equal to C and Db(A) has finite representation type.
(b) Suppose Q is a stable component of the Auslander-Reiten quiver of
Db(A), that is not a shift of C. If the set HomDb(A)(C,Q[i]) or HomDb(A)(Q[i], C)
is non zero for some i ∈ Z, then the tree class of Q is either Euclidean or
infinite Dynkin.
Proof. Let n ∈ N, m ∈ Z be such that τn(X) = X[m]. We consider the
following subadditive function for all M ∈ C
d(M) :=
n∑
i=1
∑
j∈Z
dimk HomDb(A)(τ
i(X),M [j]).
This function takes finite values as for two complexes L,N ∈ Kb(P) the
set HomKb(P)(L,N [s]) is non zero only for finitely many values of s ∈ Z.
Let τ(D)
f
→ B
g
→ D → τ(D)[−1] be an Auslander-Reiten triangle. By 4.3
we have d(τ(D))+d(D) ≤ d(B). As C contains the element X, the function
d is a subadditive function that is not additive by 4.3 (3). Therefore T is
a finite Dynkin diagram or A∞ by [HPR, p.289]. The shift [m] induces an
automorphism of finite order on T as [m] commutes with τ . Then we have
for all complexes M ∈ C that M [l] = τ t(M) for some t ∈ N and l ∈ Z. It
follows that on each τ -orbit of C, the length function lp is bounded. If T is
finite there are finitely many τ -orbits and therefore C is bounded. Then C
is the only component of the Auslander-Reiten quiver by 4.9. Furthermore
Db(A) has only finitely many complexes up to shifts.
Without loss of generality, let HomDb(A)(X,L) 6= 0 for some L ∈ Q. We
define d(M) as above for all M ∈ Q. Then d is an additive function by 4.3
on Q and therefore the tree class of Q is Euclidean or infinite Dynkin. 
Note that if we consider the Auslander-Reiten quiver of A then by [ARS,
VII 2.1, VI 1.4] the Auslander-Reiten quiver has a finite component if and
only if there is a component whose modules have bounded dimension. In
this case A has finite representation type and the Auslander-Reiten quiver
consists of only one finite component. The stable Auslander-Reiten quiver
has then tree class a finite Dynkin diagram.
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The analogous theorem for the Auslander-Reiten quivers of Db(A) that
have bounded components is given next.
Theorem 4.14. The following are equivalent:
(1) The Auslander-Reiten quiver of Db(A) has a bounded component.
(2) The representation type of Db(A) is finite.
(3) The Auslander-Reiten quiver of Db(A) has a stable component whose
tree class is finite Dynkin.
Proof. (1) =⇒ (2)
Let C be a bounded component. Let M ∈ C be represented by an inde-
composable complex in Compb(P). There is an n0 ∈ Z such that M
n0 6= 0
and M i = 0 for all i > n0. Take an indecomposable summand P of M
n0 .
If P [−n0] 6= M there is a map ψ : P [−n0] → M induced by the embed-
ding of P into Mn0 . This map is non-zero in Db(A), as M does not have
contractible direct summands. By the proof of 4.9 we have P [−n0] ∈ C.
If we represent all elements in C by indecomposable complexes in Compb(P)
then there is an n ∈ N such that lc takes values ≤ n for all elements in C.
By 4.8 every chain of irreducible maps of length > 2n is therefore zero.
As P [−n0] ∈ C we know by 4.4 that there is a chain of irreducible maps
of length at most 2n that connects P [−n0] and M . There are only finitely
many elements in the component C that are connected to P [−n0] by a
chain of irreducible maps of length ≤ 2n. Therefore there are only finitely
many indecomposable complexes L in Db(A) such that Ln0 contains P as a
summand and Li = 0 for i > n0.
Therefore Db(A) has finite representation type.
(2) =⇒ (3)
Let Db(A) have finite representation type. Let N be an indecomposable
A-module. Then the complexes σ≥n(pN) are indecomposable for all −n ∈ N.
IfN has infinite projective dimension, then they are pairwise non-isomorphic
in K−,b(P) up to shift. The same holds for a module with infinite injective
dimension if we consider σ≤n(iN) for n ∈ N. Therefore A has finite global
dimension and all Auslander-Reiten components are bounded and stable. If
there is a finite component then by 4.10 the Auslander-Reiten component
consists of copies of A1. Otherwise the Auslander-Reiten quiver has only one
component by 4.9. This component then contains a shift periodic module.
Therefore the tree class is finite Dynkin or A∞ by 4.13. As [1] acts as the
identity on A∞ such a component can only occur if the representation type
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of Db(A) is not finite. Therefore the Auslander-Reiten quiver consists of one
component Z[T ] where T is a finite Dynkin diagram.
(3) =⇒ (1)
Suppose now that Db(A) has a stable Auslander-Reiten component whose
tree class T is a finite Dynkin diagram. We assume this component is not
finite. Then there is a component isomorphic to Z[T ] with tree class T a
finite Dynkin diagram. Then T is either An for n ≥ 2, Dn for n ≥ 3, E6,
E7 or E8. We index the vertices in Z[T ] by pairs (t, i) where i ∈ Z denotes
the i-th copy of T and t denotes the vertex of T . By 4.6 the function lp is
subadditive on stable Auslander-Reiten components.
We assume that lp is not additive for only finitely many Auslander-Reiten
triangles. Then we can choose an l ∈ Z such that lp is additive for all
Auslander-Reiten triangles with vertices (t, j) where j > l and t any vertex
of T . We denote xt,i := lp((t, i)). Let the values xt,j be given for a fix j > l
and all vertices t of T .
If T = An then we can calculate the values of xt,j+1 from the left to the
right as follows:
x1,j // x2,j
wwooo
oo
oo
oo
oo
o
// · · · //
zzttt
tt
tt
tt
t
xn−1,j //
yytt
tt
tt
tt
tt
xn,j
xxqqq
qq
qq
qq
q
x2,j − x1,j // x3,j − x1,j // · · · // xn,j − x1,j // xn,j+1
Clearly this gives a contradiction as lp cannot be additive on the Auslander-
Reiten triangles ending in (n, j+1). Therefore lp is not additive for infinitely
many Auslander-Reiten triangles.
If T = Dn we have the following
xn−1,j
uulll
ll
lll
ll
lll
ll
llx1,j //x2,j
vvmmm
mmm
mm
mm
mm
//· · · //
xxqqq
qq
qq
qq
q
xn−2,j
uulll
ll
ll
ll
ll
ll
11bbbbbbbbbbbbbbb
..\\\\\\\\\\\
\\\\\
xn,j
rrffffff
ffff
ffff
xn−1,j − x1,j
x2,j − x1,j //x3,j − x1,j //· · · //xn−1,j + xn,j − x1,j
11ccccc
--[[[[[[ xn,j − x1,j.
Then the values xn,i are strictly decreasing for strictly increasing i > j. This
is a contradiction as they have to be positive integers for all i ∈ Z.
For E6, E7 and E8 we consider the following diagram.
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x4,j

x1,j // x2,j
yysss
ss
ss
ss
s
// x3,j
OO
wwooo
oo
oo
oo
oo
o
// x5,j //
vvmmm
mm
mm
mm
mm
mm
m
x6,j //
xxqqq
qq
qq
qq
q
x7,j //
}}{{
{{
{{
{{
x8,j
}}{{
{{
{{
{{
x2,j − x1,j // x3,j − x1,j // x4,j + x5,j − x1,j

// x6,j + x4,j − x1,j // x6,j+1 // x7,j+1 // x8,j+1
x5,j − x1,j
In the case of E6 we have x6,j+1 = x4,j − x1,j . If we consider E7 we have
x6,j+1 = x7,j + x4,j − x1,j and x7,j+1 = x4,j − x1,j. Finally for E8 we have
x6,j+1 = x7,j +x4,j −x1,j , x7,j+1 = x8,j +x4,j −x1,j and x8,j+1 = x4,j −x1,j.
In the case E6 we have by the same argument that x6,j+4 = −x1,j, in the
case E7 we have that x3,j+20 = −x3,j + x4,j and for E8 we have x1,j+15 =
−x1,j. Those are negative values as −x3,j + x4,j = −x4,j−1 and we obtain a
contradiction to the assumption that lp is additive on all but finitely many
Auslander-Reiten triangles in the component.
As lp is not additive for infinitely many Auslander-Reiten triangles in C,
there have to be infinitely many complexes that are homotopic to zero in
the Auslander-Reiten component of Compb(P) that is associated to C by
4.6.
As there are only finitely many indecomposable complexes homotopic to
zero in Compb(P) up to shift by 2.3, we deduce that a shift [m] induces
an automorphism on Z[T ] for some m ∈ N. Therefore Z[T ] is a bounded
component. 
Note that we only require one component to be bounded or to have tree
class a finite Dynkin diagram in order to deduce that the representation
type of Db(A) is finite.
We can describe the Auslander-Reiten quiver and derived category more
precisely in the case of the previous theorem. Note also that not all bounded
components need to be finite as it is the case for the Auslander-Reiten quiver
of an algebra.
Theorem 4.15. Let one of the conditions of 4.14 be true. Then A is either
simple and the Auslander-Reiten quiver of Db(A) consists of countably many
copies of A1 or the Auslander-Reiten quiver consists of one component Z[D]
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where D is a finite Dynkin diagram and D 6= A1. In the second case A is
derived equivalent to kD.
Proof. Suppose the bounded component is finite, then the first case holds by
4.3. If the bounded component is not finite then by 4.9 the Auslander-Reiten
quiver consists of only one component which needs to be Z[D] for D a finite
Dynkin diagram and D 6= A1 by 4.14. As D
b(A) is of finite representation
type, it is discrete in the sense of [V, 1.1]. By [BGS, Theorem A,B] the
algebra A is derived equivalent to kQ where Q is a finite Dynkin diagram.
By [H1, I.5.5] we have Q¯ = D¯. Then Db(kQ) ∼= Db(kD) by [H1, I.5.6],
which proves the theorem. 
Now we know that there is only one Auslander-Reiten component if D 6=
A1. Let Γ0 be the set of isomorphism classes of indecomposable objects in
Db(A). Then we call Db(A) locally finite if
∑
M∈Γ0
dimk HomDb(A)(M,N)
is finite for all N ∈ Γ0. So using [XZ, 3.1.6] we have that D
b(A) is locally
finite if and only if A is derived equivalent to an hereditary algebra of finite
representation type.
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